Conformally flat Kaluza-Klein spaces, 
pseudo-/para-complex space forms 
and generalized gravitational kinks 



Paolo Maraner^ and Jiannis K. Pachos^ 

^School of Economics and Management, Free University of Bozen- Bolzano, 
via Sernesi 1, 39100 Bolzano, Italy 

^School of Physics and Astronomy, University of Leeds, Leeds LS2 9JT, UK 



Abstract 

The equations describing the Kaluza-Klein reduction of conformally flat spaces are 
investigated in arbitrary dimensions. Special classes of solution related to pseudo- 
Kahler and para-Kahler structures are constructed and classified according to space- 
time dimension, signature and gauge field rank. Remarkably, rank two solutions 
include gravitational kinks together with their centripetal and centrifugal deforma- 
tions. 
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1 Introduction 



In a recent paper [T] Grumiller and Jackiw investigated the Kaluza-Klein re- 
duction of conformally fiat spaces from d+lio d dimensions, for c? > 3. After 
obtaining appropriate reduction formulas in terms of Kaluza-Klein functions, 
they imposed the vanishing of the higher dimensional conformal tensor, pro- 
ducing equations describing the 'immersion' of a codimension one spacetime 
into a conformally flat space. Let us parameterize the higher dimensional line 
element as ds^^^j^^-^ = g^^dx^dx^ + {A^dx^ + dx'^y, with Greek indices ranging 
over 0,1, ...,d — 1 and all quantities independent of the last coordinate x"^. 
Then, the Grumiller- Jackiw equations ((17a,b,c) in Ref. [T]) read 
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1 3 
C/ii/KA + ^ [f^^F^x - Fn[^Fx]Jj - _ (s'mIk^a]!/ - fi'i/i/i^Ai/i) = 0, (la) 



1^ d + l 1^2 



Rfiu - '2^9tiu = — \^Ffj,i^Fi,'^ - -^F g,iuj , (lb) 
D.F^, + ^^g.i^DxF,^^ = 0, (Ic) 

with g^i, the d-dimensional spacetime metric, the associated covariant 
derivative, C^^^x, R^^, R the corresponding Weyl, Ricci and scalar curva- 
tures0 Ffj_i, = d^A,y — d^Aj, the Kaluza-Klein gauge field, = F^^F'^'^ its 
squared modulo, T^^^ = F^^F^'^ — -2(^p^F'^g^^ and square brackets denoting 
antisymmetrization, t[^yT^ = (t^j, — ty^)/2. The spacetime metric g^y is here al- 
lowed to carry arbitrary signature, while the signature of the extra coordinate 
x'^ is chosen, for definiteness, as positive. The case with x'^ carrying a nega- 
tive signature is straightforwardly obtained by replacing the ci + 1-dimensional 
metric by its opposite and correspondingly changing the sign of all scalar and 
sectional curvatures. 

After addressing dimensional reduction for arbitrary dimensions Grumiller 
and Jackiw specialized to (i = 3 and constructed special solutions based on 
a further Ansatz of the three-dimensional metric. In this note we investigate 
equations ([1^), ([lb) and ^) in their full generality. We construct classes of 
solutions classified by spacetime dimension, signature and by the rank of the 
Kaluza-Klein gauge field. All solutions with non-vanishing gauge curvature 
are related to pseudo-Kahler or para-Kahler structures. Of particular interest 
is the case of rank two gauge fields, where exceptional kink solutions together 
with their centripetal and centrifugal deformations appear. 
Our discussion proceeds as follows. In ^we obtain explicit expressions for the 
spacetime Riemann, Ricci and scalar curvatures in terms of the metric, g^j^^, 
and the gauge field, F^^. This allows us to write down, in ^ integrability con- 
ditions providing the higher dimensional generalization of the 'gravitational 
kink' equations obtained by Guralnik, lorio, Jackiw and Pi from the Kaluza- 
Klein reduction of the gravitational Chern-Simons term These equations 
are somehow easier to solve than the original ones. Null, maximal and interme- 
diate rank solutions are eventually obtained in §1] and ^ and their relation to 
pseudo-Kahler and para-Kahler structures is discussed. Our conclusions and 
a list of the obtained solutions are presented in §21 



2 Riemann, Ricci and scalar curvatures 



Here we shall demonstrate that equations ([T^), ^p) and ^) allow to express 
the spacetime Riemann, Ricci and scalar curvatures entirely in terms of g^i, 

^ Our curvature conventions are R^vk^ = d^T^i^ — R^^ = R^^v'^ , and R = R^'^. 
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and F^jy, up to an arbitrary constant. Equation (fTall is solved by 



2 

with r^jj^x a tensor sharing the symmetries of the Riemann tensor — not the 
Bianchi identities — satisfying the conditions 

2 2 

with r^,^ = r^^,^'^ and r = r^^. These are + 2)((i — 3) simultaneous 

linear equations in j^d?[d? — 1) variables with coefficients only depending on 
the spacetime metric, Qfj^y. The general solution depends on ^d{d+ 1) param- 
eters that are functions of the coordinates and is obtained as 



^^lUK\ = 2 [g^,[xpH,],y - 9u[\pK]^t) + 2pg^^xgK]v, (4) 

with p^jj a traceless symmetric tensor and p a scalar. The tensor p^j^ is deter- 
mined by equation ffTbl) . From ([2]) and (jl]) we have R^i, = {d — l)pg^u + {d — 
2)p^y + iF^^Fy" and R = d{d - l)p + fF^, which substituted in ([TbD yield 

P,. = \ {f^.F,^ - If'9,u) . (5) 

Eventually, the scalar p is fixed by the contracted Bianchi identities and equa- 
tion (fTc|) . By inserting ([5]) in the above expressions for the Ricci and scalar 
curvatures we obtain from D^Rfj^ = \D^R the equation 

{d -l){d- 2)D,p = ^D,F,^F^^ - ^^D,F'. (6) 

Contracting (fTc|) with F'^" and by means of the gauge theoretical Bianchi 
identities we also obtain D^F^^F^'^ = ^D^F"^, showing that the right hand 
side of ^ is indeed a total derivative. Integration gives 

where A; is a constant. Next, we substitute ([7]) and ([5]) in (jlj). By employing 
this result and by successive contractions of Eq. ([2]) we obtain the Riemann, 
Ricci and scalar spacetime curvatures in terms of the metric g^^, the gauge 
field F^i/ and the arbitrary constant k as 
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RfiuKX = 2 \^k+ g-^^ j gtJi[\9K]u 

1 1 

~2 {dfj'ii^Fxi^Fj - g^ii^Fxi^F^^'j - - [f^^Fi^x - F^[kFx]u) , (8a) 

R,, = {d- l)kg,, + i^li^F^^^, + ^l±ilF^,F,^ (8b) 

o 4 

{d+l)id + 2) , , , 

R = d{d-l)k+ ^ ' F^. (8c) 

8 

Direct computation shows that the Riemann tensor ( IHall satisfies the Bianchi 
integrabihty conditions D^^R^^^x + DuR^^ikX + Ff^R^^^x = 0, provided that 
( ITcI) is satisfied. The integration of Grumiller-Jackiw equations is, therefore, 
reduced to the integration of (fTc|) subject to ([8]). 



3 Integrability conditions 

It is useful to estabhsh integrabihty conditions for (fTcl) subject to (IHl)- Consider 
the covariant derivative of (fTcl) 

DxD^F^, + -^g^^^DxD^F.f = 0. (9) 

Antisymmetrizing iQ in k, A, reexpressing the commutator of covariant deriva- 
tives in terms of the Riemann tensor and inserting ([8]), we obtain 

-^D^D^F,^ -(^k + ^F^^ F^, + = 0. (10) 

Symmetrizing this expression in /x, v we have D^j^D^Fy'^ + DyD^F^'^ = 0, show- 
ing that 

= -^D^F,^^ (11) 

is a Killing vector of our geometry, when it is not identically vanishing. The 
existence of such a Killing was recognized by Grumiller and Jackiw in the 
special case d = 3 ((26b) in Ref. p^). Contracting now ([9]) with g'^^ and by 
means of D^K^ + D^K^ = 0, we obtain 

^^D^D^F,^ + \d^F^, = 0. (12) 

When substituted in ffTOl) . this yields the integrability conditions in the form 

^D^^/ +{k + ^F^) - = 0. (13) 
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Equations (fT2i) and (fT3|) are the higher dimensional analogue of the 'traceless' 
and 'gravitational kink' equations obtained from the Kaluza-Klein reduction 
of the gravitational Chern-Simons term [2j. 



4 Null and maximal rank solutions 

Equations (fTc|) and (fT3!) are trivially solved by a vanishing gauge curvature. 
The Riemann tensor (ISall consequently reduces to 

Rfiu^^x = k {Qf^xg^u - g^iKQxu) , (14) 

revealing that spacetime is a real pseudo-Riemannian manifold with constant 
sectional curvature k. When complete, spacetime is then a real space form, 
isomorphic to the pseudo-Euclidean real space for vanishing sectional cur- 
vature, to the real pseudo-pro jective space WPf — or pseudo-sphere 5*^ — for 
positive sectional curvature or to the real pseudo-hyperbolic space Mif^ for 
negative sectional curvature (see e.g. §8 of Ref. [3]). The signature is arbi- 
trary, s = 0,...,d. For Euclidean signature, s = 0, these are the standard 
Euclidean space M"^ = Mq, sphere = and hyperbolic space if'^ = RHq. 
For Lorentzian signature, s = 1, one obtains the Minkowski = M.f, deSitter 
dSd = Sf and anti-deSitter AdS^ = MHf spacetimes, respectively. Summariz- 
ing we obtain 

R^(0) for k = 0, RP^{k) for k > 0, RHf{k) for A; < 0, (15) 

where we denote in brackets the sectional curvature, k. Real space forms are 
conformally flat themselves, so that metric and vector potential can be con- 
veniently displayed in the form 

= 7 ^2V^^•y, = 0' (16) 

(1 + jri^xx'^x^) 

with rj^u a pseudo-Euclidean metric carrying arbitrary signature. 

Besides null rank solutions, a second class of solutions can be obtained when 
the Kaluza-Klein two-form, F^^,, has maximal rank, rank{F^,^} = d. Given the 
antisymmetry of this is only possible in an even number of dimensions, 
d = 2d. Equation (ITcI) is in fact trivially satisfied by a covariantly constant 
gauge curvature 

D.F^. = 0, (17) 

a condition which is fully equivalent to the constancy of the scalar or 
to the vanishing of the Killing vector K^. The integrability conditions (1131) 
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consequently reduce to 



1 ^ ., 1 



k + ^F^j - -F^^F^^Fx" = 0. (18) 

The maximal rank assumption implies the existence of an inverse F^^ ^ of the 
Kaluza-Klein gauge curvature, F^^ , F^'^F^^ J" = F~^ ^^FJ^ = 6'^. Contracting 

( fTSl) with F~^i/' and rearranging terms we obtain 

^^/^.^ = + ^i^') (19) 

Contraction eventually fixes the value of the constant to A; = — ^^F^. A 
covariantly constant gauge curvature F^i, is therefore solution of Grumiller- 
Jackiw equations if and only if 

F/F/ = --/X- (20) 

Depending on the sign of F^, sign{F^} = cr, these equations introduce dif- 
ferent kinds of spacetime structure, which are not frequently encountered in 
theoretical physics, but are well studied in differential geometry. By rescaling 
the Kaluza-Klein gauge curvature F^^ , we introduce the mixed tensor 




V = ±^/^V- (21) 
Equation (|20|) . the anti-symmetry of F^^ and ([T71) are then rewritten as 



J/ J/ = -a^;:, (22a) 

J^'^J.^gnX = crg^,, (22b) 
D^J^" = 0. (22c) 

For a = + equation f l22al) identifies J^*^ with an almost complex structure 
on spacetime, fl22bp states that (7^,^ is an associated Hermitian metric, while 
f l22cp guarantees the integrability of the structure, making spacetime a pseudo- 
Kdhler manifold [H[5] . This implies that the even dimensional spacetime carries 
an even index 2s, s = 0, ...,d. No solutions with Lorentzian signature are 
admitted. For a = — equation fl22ap identifies J^'^ with an almost product 
structure — more precisely an almost para-complex structure — on spacetime, 
(I22bl) states that g^y is an associated anti-Hermitian metric, while f l22cp again 
guarantees the integrability of the structure, making spacetime a para-Kdhler 
manifold This implies that spacetime carries a neutral signature d = d/2. 
Inserting ( l20l) in f l8a|) and reexpressing everything in terms of J^'^ we obtain 



F2 

R^lUK\ = ^ {giixgKu — g^lKg\u + o" J^xJuk — o" J^kJuX — 2cr J^^Jkx) ■ (23) 



6 



This reveals that spacetime is a pseudo-Kahler manifold with constant holo- 
morphic sectional curvature, when a = + (see Proposition 2.1. and Corollary 
2.2. in Ref. [3]) or a para-Kahler manifold with constant para-holomorphic 
sectional curvature, when a = — (see Propositions 3.7. and Theorem 3.8. in 
Ref. [7]). When complete, spacetime is then a complex / para- complex space 
form, the complex/para-complex analogue of real space forms. 
The simplest examples of such spaces are provided by the pseudo-Euclidean 
complex algebra and para-complex algebra A*^ of vanishing holomorphic, 
respectively, para-holomorphic sectional curvature!^ They are constructed by 
endowing M^*^ with the metric and the almost complex/para-complex structure 



with 77(j the matrix corresponding to a real d-dimensional pseudo-Euclidean 
metric carrying arbitrary signature. On the other hand, it is readily checked 
that = rj^y and F^^ oc e^^ are solutions of equations ([1]) only if = 0, 
so that Cg and A*^ can — in the best case — only be enumerated among null 
rank solutions. For a non-vanishing F"^ the theorems mentioned above iden- 
tify the constant holomorphic/para- holomorphic sectional curvature with 
Indefinite complex space forms (a = +) of non-vanishing holomorphic sec- 
tional curvature were investigated by Barros and Romero [5J. They are locally 
isomorphic to the complex pseudo-pro jective space C-P^ with positive holo- 
morphic sectional curvature or to the complex pseudo-hyperbolic space Cif^^ 
with negative holomorphic sectional curvature — one is obtained by the other 
by replacing the metric with its opposite. Para-complex space forms (cr = — ) of 
non-vanishing para-holomorphic sectional curvature were instead constructed 
by Gadea and Montesinos Amilibia ^ and further investigated by Gadea and 
Munoz Masque [8]. They are locally isomorphic to the para-complex projec- 
tive model BP*^ with positive para-holomorphic sectional curvature or to the 
para-complex hyperbolic model 'E>H'^ with negative para-holomorphic sectional 
curvature — once again, one is obtained by the other by changing the sign of 
the metricH] The explicit form of the metric, g^y, and of the vector potential, 
A^, generating F^y and hence J^'^, are obtained as 



^ The use is that of displaying the complex dimension d and signature s for com- 
plex spaces and the para-complex dimension d, but not the para-complex signa- 
ture — which always equals half of the dimension — for para-complex spaces. 
^ Gadea and Montesinos Amilibia introduce para-complex projective models Pd(^) 
carrying both positive and negative para-holomorphic sectional curvature. We par- 
tially modify their notation and distinguish projective BP*^ = Pa (IB) — for positive 
para-holomorphic sectional curvature — from hyperbolic MH'^ = Pd(B) — for negative 
para-holomorphic sectional curvature — para-complex models to conform to real and 
complex space forms. 




(24) 
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(l + 



X' 



(25a) 
(25b) 



with r/^j,, Efj,'^ given by and e^^, = e^'^rj^^. We remark that complex/para- 
complex space forms are neither spaces of constant curvature nor conformally 
flat spaces. By direct substitution of ( l25l) in ([T]) it is possible to check that 



d 



and BiJ^ 



d 



(26) 



— in brackets we give the holomorphic/para-holomorphic sectional curvature — 
are indeed solutions of the Grumiller-Jackiw equations corresponding to a posi- 
tive signature for the extra coordinate x*^. Since the replacement of the higher 
dimensional metric with its opposite produces a change in sign of g^^i, and 
hence the replacement of projective with hyperbolic spaces and viceversa, the 
remaining space forms 



CH^ and BP'i ^ (27) 




are instead solutions of the Grumiller-Jackiw equations corresponding to a 
negative signature for the extra coordinate x'^. 

Real, complex and para-complex space forms are therefore seen under the 
same light as solutions of the equations describing the Kaluza-Klein reduction 
of conformally fiat spaces. It is then natural to wonder what other spacetime 
structures fulfill Grumiller-Jackiw equations. As far as maximal rank solu- 
tions are concerned, we observe that no extra solutions can be constructed 
by conformal deformation of pseudo-Kahler/para-Kahler structures. In fact, 
for d > 2, the closure condition {dF)^yi^ = immediately implies the con- 
stancy of the conformal factor. Nor can extra solutions be obtained from al- 
most complex/para-complex structures by relaxing the integrability condition 
fl22cl) . In fact, the identity D^F^^F"'' = ^D^F^, obtained in g2l is compatible 
with (!20!) if and only if F^ is constant or d = 2. For these reasons we suspect 
the complex/para-complex space forms to be the only maximal rank solutions 
of equations 1^, but we could not prove this statement. 
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5 Intermediate rank solutions 



Next we consider the case in wliicli tlie Kaluza-Klein gauge field Ff^^, has 
intermediate rank < rank{F^,y} = r < d and nullity null{F^,y} = d — r = n. 
Given the closure condition, {dF)^^^ = 0, a classical theorem of DarbouxH 
ensures the possibility of finding, in a finite neighborhood of every point, local 
coordinates = (^", y*) with a = 0, r — 1, i = 1, n, in such a way that 




with Fa/3 = daAi3 — dpAa an r-dimensional non-degenerate closed two-form. 
The and parameterize non-degenerate and null gauge field directions 
and will be referred as external and internal coordinates, respectively. Given 
the antisymmetry of Fq,^ the external dimension is always an even number, 
r = 2r. Adapted coordinates are defined up to the coordinate transformations 
_^ ^'°'(^), y'\^,y), with internal diffeomorphisms allowed to depend 
on external coordinates. In such adapted frames the spacetime metric can be 
parameterized without loss of generality as 

9fiu - \ ^ I , i^yj 

with gaj3, hij and depending, in general, on external and internal coordi- 
nates. Under the transformations above g„^ and hij transform as external and 
internal metric tensors, respectively, while identifies with an external gauge 
potential taking values in the internal diffeomorphisms algebra. The coordi- 
nate splitting is completely characterized by the lower dimensional tensors 



2 {^iSal3 + fia/s) , Eaij — - (dahij - Ca^hij) , (30) 



with = daa^fs — d^a^^ ~ ^a^j^^t^ + '^''i3^j'^^a the gauge curvature associated 
to the external vector potential (a*)^ and the Lie derivative with respect 
to the internal vector (a^)*. Eiap is a generalized second fundamental form 
for the external space, which is not in general a spacetime submanifold. Most 
remarkable, the vanishing of its antisymmetric part, /^^, ensures the possibility 
of introducing internal coordinates in such a way that and, hence, the 
off-diagonal components of the (i-dimensional metric vanish identically. For 
every fixed value ^ of the external coordinates, Eaij\^=^ represents instead the 



Darboux theorem further ensures the possibility of setting F^j^ in a canonical 
form. This is, however, of no relevance in our analysis. 
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standard second fundamental form of the corresponding internal space, which 
is always a spacetime submanifold [9]. 

In the adapted coordinate frame equations (fTcI) can be rewritten in terms of 
the residual gauge field and the generalized fundamental forms as 



V-,F„^ + JTI + g,^^F i.fEsa'') = 0, (31a) 

FjE,,s - -^g^^F'^E^Se = 0, (31b) 

VkFap = 0, (31c) 

1 



Fa'Esjk - iysFa' + F^'Esa") h^k = 0, (31d) 

h[{F^^Ej]^s = 0, (31e) 

with the relevant definition of the hatted derivative Vq, given below and Vj 
the standard internal covariant derivative associated to /iij 13 Equations fl3TB 
and (13 Id) immediately imply that Okg^is = E^ap + E^pa = and d^Fap = 
VfcFo^ = 0, showing that the external metric and the residual gauge field only 
depend on external coordinates 

= ga/3(0, = F„/3(0- (32) 

As a consequence, Va coincides with the standard external covariant derivative 
associated to g^,^, Vq, = V^. Contracting (13 lap with g'^''', or ( I31dl) with h^^ , 
we obtain (r — 1)F J E^i = nVsFa^ or, equivalently, 

Eai"" = -F'^a'^V^Fp^ , (33) 

r — 1 



with F-^J the inverse of the residual gauge curvature F„^, F^T 
F-^^^F^'^ = 5^. Substituting ([3SD back in flM yields 
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V^Fq^ + -l-g^f^V^F^]-^ = 0. (34) 

Equations (l3il) precisely reproduce f|Tc|) on the external subspace, i.e. along 
the non-degenerate directions of the Kaluza-Klein gauge field. Substituting 
( l33i) back in ( ]31dl) produces instead 

Eyij Eji; hij = 0, (35) 

implying that all internal spaces are totally umbilical and that {fapY is an 
internal conformal Killing vector, Vifjap + ^jfiap = ^{^kfap)hij (see §4.2. 



The general definition of Vq, (Eq.(35) in Ref. [9]) is of no relevance here. 
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in Ref. [9]). As a consequence, it is always possible to further adapt internal 
coordinates in such a way that the internal metric and the external gauge 
curvature decompose as 

h,, = X{Oc.M^ fap = i:piOC:iy), (36) 

with Cg, a = l,...,(n + l)(n + 2)/2, a basis of the internal conformal algebra. 
Contracting now (]31bp with g"^, or fl31ep with h'^'', we eventually obtain 

{n - 1)F"^E,„^ = 0. (37) 

Forn > 1 ([37D requires F^^E^^ = |F°^/^^ = 0, which substituted back in 
(131bp implies the vanishing of /^^. For n = 1 (137|) is identically satisfied and 
(]31bp reduces to a traceless equation implying the proportionahty between 
fap = fl^p and the inverse Kaluza-Klein field F"^^/?; correspondingly the sum 
in fl36p reduces to a single element of the internal conformal algebra. Summa- 
rizing, 

flp = for n > 1 and f^p = -^^^F^-^F-^^^ for n = l. (38) 
The cases n> 1 and n = 1 are, therefore, better treated separately. 

5.1 Nullity greater than one 

By means of the generalizations of Gauss, Codazzi and Ricci equations [n], that 
express higher dimensional curvatures in terms of lower dimensional curvatures 
and generalized fundamental forms, it is immediately possible to reduce (IHal) 
in its lower dimensional components. Of the six resulting equations only two 
are not identically satisfied 

= 2 (^A; + -F^ j 7a[<577]/3 

^2 (^a[7F5]5F^^ - 7_a[^F5]gF„^) - - (^F^/jF^^ - YaYiYs]f^ , (39) 
Ki.ui = 2{k + h^ + ^E^^^E\^^ h,[ih]„ (40) 

with Ra/s-ys and Kij^i the Riemann tensors associated to the external metric g^^ 
and the internal metric hij, respectively, and F^ = FapF""^ = F"^. The Killing 
vector (fTT!) reduces to K^j, = (^^V/3Fq'^, 0^. Correspondingly, the integrability 
conditions (fT3|) split in four lower dimensional equations. The only one which 
is non-identically satisfied reads 
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^ V^F/ + (fc + If^) F/ - 1f„-F/f/ = 0. (41) 

We recognize that ( 134|) . ( l39l) and ( HTl) respectively reproduce ( ITcIl . ( IHal) and ( |T3i) 
when r — i> c?, ^ x'^ and Fq^ — F^j,. For n > 1 the problem along external 
directions is therefore fully equivalent to finding maximal rank solutions of 
our original set of equations. The only difference is that the residual rank r is 
also allowed to take the value r = 2, precluded to the spacetime dimension d. 
Once the external space geometry is determined by (IMI) , (15^ , (HTj) , equations 
fl40l) fix the geometry of internal spaces correspondingly. 



5.1.1 Equations forr = 2 

In two dimensions the gauge curvature is always proportional to the invariant 
volume element, so that we can set in full generality Fq,'^ = '-pej^ with e^P 
given by fl2^ . Equations fllTl) and the dimensional reduced ( IT^ take 

then the form 



R = 2k + 3aip'^, (42a) 
VV + '^kifi + a(f^ = 0, (42b) 

VaV^V? - ^7a/3VV = 0, (42c) 

respectively, reproducing the 'curvature constraint', 'gravitational-kink' and 
'traceless' equations obtained by Guralnik, lorio, Jackiw and Pi from the 
Kaluza-Klein reduction of the gravitational Chern-Simons term ((4.47,48,49) 
in Ref. [2]). Local solutions are constructed in their paper and extended glob- 
ally in Ref. [10]. Besides the symmetry preserving solutions Mf, 5*^, and the 
symmetry breaking solutions CP^, MH^ — and CH^, MP^ for a negative signa- 
ture of x'^ — for cr = — and k > they found the extra class of 'gravitational 
kink' solutions 



= 1 ' ^ ) ' °) ' ^^^^ 

with the corresponding kink profile 

¥.(0 = ±v^tanh(y|e'). (44) 

These solutions are associated to para-Kahler structures defined on spacetime. 
It is in fact easy to check that Jq,^ = ±F„^/(y9, fulfills conditions fl22]) with 
a = —. The scalar F^ = — 2(y9^ is however non-constant and the Killing vector 
is correspondingly non-vanishing, V/jFq,^ = f/c^ sech^w^^^,oV The solutions 
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corresponding to a negative signature of the extra Kaluza-Klein coordinate x"^ 
are obtained by replacing the metric with its opposite. In the latter (former) 
case, for small values of |v^^^| the curvature is negative (positive). For larger 
values it is positive (negative), achieving dS2 (AdS2) at infinity. While the 
metric reproduces asymptotically the deSitter (anti-deSitter) spacetime, the 
modulo of the gauge field correspond to a kink profile. For these reasons it is 
natural to refer to these spaces as kink and anti-kink spaces. We denote them 
by Kf{k) and AKf{k) respectively, where we give in brackets the positive 
parameter labelling the solution. 



5.1.2 r > 2, n > 1: solutions from complex/para- complex space forms 

The complex/para-complex space forms CP^, MH^ — and CH^, MP^ for a neg- 
ative signature of x"^ — generate the following intermediate rank solutions of 
Grumiller-Jackiw equations. For every even, strictly positive value of r = 2r 
the external space is a complex/para-complex space form of real dimension 
r and constant holomorphic/para-holomorphic sectional curvature — . The 
Killing vector K^^ and the fundamental forms Edj vanish identically, F^ is 
constant and k = — ^F^. Consequently, equation ( HOi) require the internal 
spaces to be ra-dimensional real space forms of sectional curvature — f^. Space- 
time results into the direct product of a complex/para-complex space form of 
holomorphic/para-holomorphic sectional curvature ^ and a real space form 
of sectional curvature — f^. For F^ > and F^ < we respectively obtain 



and MH' — ^ x RP^ [ -r^], (45) 





with external and internal signatures unrelated. The choice of a negative sig- 
nature for the extra coordinate x'^ produce instead the solutions 





CHI -J — X RP; J — and BPM J — ^ x RH^ -'—^ . (46) 



Metrics and vector potentials are immediately constructed by means of fl25l) 
and (fT6|). 



5.1.3 r = 2, n> 1: kinks 

The exceptional class of rank two kink/anti-kink solutions discussed in §5.1.11 
also generates intermediate rank solutions of Grumiller-Jackiw equations. For 
a positive signature of the Kaluza-Klein extra coordinate x'^, the external 
space metric is that of an anti-kink space AKf{k). Since in two dimensions 
the squared gauge field is always proportional to delta, Fq,'''F^^ = — |F^5f, 
from (l33l) and the fundamental form definition (1301) it is possible to show that 
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the scale factor A(^) appearing in the internal metric is always proportional 
to the squared field modulo F^. Up to a multiplicative constant we therefore 
have 

A(0 = ±4fctanh2y|e^. (47) 

Equation (HUj) fixes then the internal spaces to be n-dimensional real space 
forms of constant sectional curvature ±2/c^. For a positive choice of the warp 
factor spacetime results into the warped product of the anti-kink space AKf{k) 
and the pseudo-sphere RP" (2A;^) 

while for a negative choice the second term is replaced by the pseudo-hyperbolic 
space RH^ {2k^) 

A^i(^)X-4.tanh^Vl,i»^r(-2fc')- (49) 

The solutions corresponding to a negative signature of the extra Kaluza-Klein 
coordinate are obtained by changing the sign of the higher dimensional metric. 
For every positive value of k spacetime results into the warped product of the 
kink space Kf{k) with either the pseudo-hyperbolic space Rif" (— 2fc^) 

K?(^)X4.tanh^y|,.^^r(-2^')' (50) 

or the pseudo-sphere RP" (2A;^) 

K?(^)x_,,,,,,.^^.MPr(2fc^). (51) 

Explicit expressions of metrics and vector potentials are immediately con- 
structed by means of (H3|) . (fT6!) and (!36|) . 



5.2 Nullity equal to one 

Eventually, we consider solutions with r = d — 1 and n = 1. This is the only 
case in which it is not in general possible to introduce coordinates bringing 
the spacetime metric fl29|) in block-diagonal form. In different words, this is 
the only case in which the gauge field fap can be different than zero. It is 
convenient to rescale the internal coordinate in such a way that hu = X{^) 
and set A/„^F"^ = 2rl, with /(^, y) some undetermined function of the coordi- 
nates. The Riemann tensor (IHal) is then again reduced by means of generalized 
Gauss, Codazzi and Ricci equations. Of the resulting conditions only one is 
not identically satisfied. Taking (1551) into account it reads 
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2P 
' A 



(f ^q/jF ""^^^ — F ^q[^F "^5]/}^ — - (f^isF^s — Fa[^Fs]i3^ , (52) 



with Rq,^^5 again denoting the Riemann tensor associated to g^,^. The Kilhng 
vector (fTTj) reduces now to -ft^^ = (^;^V/3Fq,^ + / a^, . Eventually, the inte- 
grability condition (|T3i) yields the lower dimensional equations 



^V^F/ + ^F-^/ +(k + If^) F/ - ^F„^F/F/ = 0, (53) 
Val = and Vyl = 0. (54) 

The first is the integrability condition for ( l34l) subject to ( l52l) . The other two 
fix / to a constant. For / = equations ( l52l) . ( l53l) exactly reproduce ( l39i) . ( 14T1) . 
or equivalently, ( IHaj) . ( |T3|) . As a consequence every maximal rank solution, 
including rank two, generates a nullity one solution. Proceeding as in §5.1.21 
and §5.1.31 for a positive signature of the extra Kaluza-Klein coordinate, we 
obtain the solutions 

CP/ 1^^^ X R, MH' (^-^) X ^> (55) 

together with the anti-kink warped products 

A^l(^)x±4.tanh^^,.^- (56) 

For a negative choice of the extra coordinate we have instead 
with the kink warped products 

^l(^)x±4.tanh^^,l^- (58) 

For / 7^ new terms appear in the Riemannian curvature (132]) and in the 
integrability condition fl53l) and some extra consideration is necessary. 

5.2.1 r > 2, n = 1: more solutions from complex/para- complex space forms 

Given the structure of the extra terms in fl52|) and fl53|) . it is natural to look for 
solutions related to Kahler and para-Kahler structures by a constant rescaling 



|F2 



±\^Ja^ (59) 
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where JoP fulfills conditions (l22l) with a the sign of and where the constant 
of proportionality has been fixed by squaring and tracing both members of 
the equality. The constancy of implies the constancy of A(^) which is set 
to plus or minus one by a proper rescaling of the internal coordinate, A = ±1. 
Equations (|59|) and (|22|) fix the value of the inverse Kaluza-Klein curvature to 

F-V = -^F/. (60) 

By substituting (|60l) back in (|53l) . recalling that fl22cp requires the vanishing 
of V^Fq,^ and proceeding as in §11 the integrability conditions fix the value of 
the constant to k = ^ — ■ The eventual substitution of (160|1 and k in 

(1521) yields the Riemann tensor 



/ F 2rV \ / \ 

= I ^ + Trf ) (ga[<5g7]/3 ~ ^ Ja[sJ^]P " 0" Jaf^J^sj , (61) 



showing that the external space is either a pseudo-Kahler or a para-Kahler 
manifold with constant holomorphic, respectively, para-holomorphic sectional 
curvature ^ + Taking (l29l) and (138|) into account, we see that space- 
time results itself in a Kaluza-Klein space, with external space given by a 
complex/para-complex space form and gauge structure proportional to the 
underlying complex/par acomplex structure 



/a/3 = ±2/ ^ 1^ Ja/3. (62) 

When ^ + = the underlying space form has zero holomrphic/para- 
holomorphic sectional curvature, corresponding to Cg for F^ > and to A'' 
for F^ < 0. Missing a standard notation, we borrow and slightly modify the 
warped product notation and denote these 'Kaluza-Klein products' as 

q(0) x^V^-^'^'^M and A"" (0) x^V^-^--^ R. (63) 

When v + S^ > Othe space form has positive ho lomorphic/para- holomorphic 
sectional curvature, corresponding to CP^ for F^ > and to A^'P for F^ < 0. 
The corresponding spaces are 



CP/ + f^) X V^^'^" M and MP^ + f^) x V ^^"^ R. (64) 

Eventually, when ^ + |^ < the holomrphic/para- holomorphic sectional 
curvature is negative and the space form corresponds to CHI for F^ > and 
to A'^H for F^ < 0. The relative solutions are 



CH: + f^) X V ^^"^ M and MH^ + g^) x V ^"'^'^ R. (65) 
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Explicit forms of metrics and gauge fields are immediately obtained by means 
of (!25|) . (!29|) and (162!) . The choice of a negative signature for the extra Kaluza- 
Klein coordinate produces exactly the same solutions. 



5.2.2 



2, n = 1: kinks centripetal/ centrifugal deformations 



For two external dimensions we can set again in full generality Fq,'^ = (fSa^, 
with given by (^^. As mentioned in §5.1.31 for r = 2 the warp factor 
appearing in the internal metric is always proportional to F^, so that by a 
proper rescaling of the internal coordinate we can set A = r F^, with r = ±. 
Equations (152|) . (l53l) and the dimensional reduced (fT2l) take then the form 



3/2 

i? = 2fc + 3(j(^^ + r— , 

VV + 2A;v5 + (TLp^ - T— = 0, 

1 2 



(66a) 
(66b) 
(66c) 



reproducing the gravitational kink equations of §5.1.11 up to centripetal (r = 
+) or centrifugal (r = — ) terms proportional to the square of the 'angular 
momentum' / [11]. Besides reobtaining the Kaluza-Klein solutions fl63l) . fl6^ . 
fl65l) for r = 2, it is interesting to follow the fate of the gravitational kink 
solutions (|56|) . fl58|) for a non- vanishing /. Equations (l66k). fl66b) and (l66b ) 
are solved along the lines indicated in the appendices A and B of Ref. [2]. 
By thinking of fl66b|) as a Newtonian equation, V'^ip = V'{(p), for a = — we 
choose the integration constant in the potential in such a way that V{(f) = 
{2K + L- ip^) {(f^ - L)/A(p^. By differentiating and comparing with (166bp . 
we then obtain the relations k = K + 3L/4: and P = 2r {K + L/2)^ L between 
the old and the new constants. In particular, L results to be positive for r = + 
and negative for r = — . For > 0, the integration of the corresponding flat- 
space equation yields the solution 



A, 




V i) 

±Ksech^ (\/f ' O) ' 

2{2K+L) cosh^ fy/^^A -4K 



(67a) 

(67b) 
(67c) 
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Fig. 1. The gravitational kink profile with centripetal deformation (solid line) (a), 
without deformation (b) and with centripetal deformation (c), together with the 
corresponding potentials (dashed line). 

with the corresponding centripetal/centrifugal distortion of the kink profile 



(^(0 = ±^2K tanh^ {\ff + L (68) 

and the internal warp factor 

A(0 = -2r (2irtanh2(y^e^) (69) 

Spacetime carries a Kaluza-Klein-like structure, complicated by a nontrivial 
warp factor that cannot be set to one without introducing an explicit inter- 
nal coordinate dependence in the other entries of the metric. For I the 
constants L and K respectively approach and k, (l67k ). (l67b ). (l68l) correctly 
reproduce fH3l) . dH]), while spacetimes reduces to fl56|) . For negative values of 
L {t = —) the external metric g^,^, together with the corresponding scalar cur- 
vature, is singular at = ±y^arctanh-y/^, while the gauge field (p{^) only 

results to be defined for |^^| > y^arctanhy^^. The effect of the centrifugal 
deformation is therefore that of opening a gap in spacetime, thus dividing it 
in two disconnected regions. In Figure [1] we plot the gauge field kink profile, 
its centrifugal and centripetal deformations, together with the corresponding 
potential V{ip). 

The solutions corresponding to a negative signature of the extra Kaluza-Klein 
coordinate x'^, are once again obtained by changing the sign of the higher di- 
mensional metric. As it has to be expected, in the latter (former) case, space- 
time achieves dSs (AdSs) at infinity. We find it natural to refer to this classes 
of solutions as c- kink/ anti-c- kink spacetimes and denote them by 

cKl{k,l) and kcKl{k,l), (70) 

with s = 1,2, where we give in brackets the parameters labeling the solution. 
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Table 1 

Solutions of Grumiller-Jackiw equations. 
rank nullity solutions 

r = 

r > 2 

r = 2 



r> 2 



r = 2 
r = 2d 

6 Conclusions 

We have shown that the equations describing the vanishing of the Weyl con- 
formal tensor m d + 1- dimensional Kaluza-Klein theories, resembling equa- 
tions of motion of some (i-dimensional Einstein-Maxwell-like theory, admit 
highly symmetric solutions with maximally compatible metric and electro- 
magnetic structures. Null and maximal rank solutions are respectively real 
and complex/para-complex space forms. Intermediate rank solutions are di- 
rect products of real space forms and complex/para-complex space forms with 
related sectional and holomorphic/para-holomorphic sectional curvatures. Re- 
markable exceptions are found for nullity-one and rank-two gauge structures. 
In the former case, solutions are themselves Kaluza-Klein spaces, with met- 
ric of a complex/para-complex space form and gauge field proportional to 
the corresponding complex/para-complex structure. In the latter, the the- 
ory supports two dimensional gravitational kinks, mixing with the remaining 
dimensions through warped products and Kaluza-Klein like structures. The 
covariant methods developed in Ref. [9] have proven extremely fruitful in ob- 
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taining intermediate rank solutions. A summary of our results is presented in 
Table [D 
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